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LIFTABLE MAPPING CLASS GROUPS OF
REGULAR CYCLIC COVERS
NIKITA AGARWAL, SOUMYA DEY, NEERAJ K. DHANWANI,
AND KASHYAP RAJEEVSARATHY
Abstract. Let Mod(Sg) be the mapping class group of the closed orientable
surface of genus g ≥ 1. For k ≥ 2, we consider the standard k-sheeted
regular cover pk : Sk(g−1)+1 → Sg , and analyze the liftable mapping class
group LModpk (Sg) associated with the cover pk. In particular, we show that
LModpk (Sg) is the stabilizer subgroup of Mod(Sg) with respect to a collection
of vectors in H1(Sg ,Zk), and also derive a symplectic criterion for the lifta-
bility of a given mapping class under pk. As an application of this criterion,
we obtain a normal series of LModpk (Sg), which generalizes of a well known
normal series of congruence subgroups in SL(2,Z). Among other applications,
we describe a procedure for obtaining a finite generating set for LModpk (Sg)
and examine the liftability of certain finite-order and pseudo-Anosov mapping
classes.
1. Introduction
Let Sg be the closed connected orientable surface of genus g ≥ 1, and let Mod(Sg)
be the mapping class group of Sg. For k ≥ 1 and gk := k(g − 1) + 1, let pk :
Sgk → Sg be the standard regular k-sheeted cover of Sg induced by a Zk-action
on Sgk generated by a 2pi/k free rotation of Sgk , as shown in Figure 1 below (for
k = 8). Let LModpk(Sg) denote the liftable mapping class group of the cover pk.
The study of the liftable (and symmetric) mapping class groups was initiated by
Birman-Hilden [2, 3, 4] in the 1970s with a view towards deriving presentations for
mapping class groups. More recently, these groups have been analyzed for balanced
superelliptic and branched cyclic covers [9, 10], and braid groups [19]. In our setup,
[Mod(Sg) : LModpk(Sg)] < ∞, as this index is bounded above by the number
of epimorphisms H1(Sg,Z) → Zk, which is finite. Consequently, LModpk(Sg) is
finitely generated.
Let the standard generators of H1(Sgk ,Z) and H1(Sg,Z) be represented by the
the collections of simple closed curves
{a′1, b′1, ai,jbi,j : 1 ≤ i ≤ k and 2 ≤ j ≤ g} and {ai, bi : 1 ≤ i ≤ g},
respectively, as indicated in Figure 1 below. Let f∗ and f# denote the homo-
morphisms induced by a map f on the fundamental and first homology groups,
respectively. By identifying our covering space Sgk with an appropriate subgroup
(pk)∗(pi1(Sgk)) < pi1(Sg), we will assume that the induced map (pk)# : H1(Sgk)→
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Figure 1. A 2pi/8 rotation of Sg8 .
H1(Sg) is given by
(1.0.1)
ai,j 7→ aj , for 1 ≤ i ≤ k and 2 ≤ j ≤ g,
bi,j 7→ bj , for 1 ≤ i ≤ k and 2 ≤ j ≤ g,
a′1 7→ a1, and b′1 7→ bk1 .
We will denote the homology classes a1, b1, . . . , ag, bg ∈ H1(Sg,Z)(∼= Z2g) by the
standard unit vectors e1, . . . , e2g, respectively. Let Ψ : Mod(Sg) → Sp(2g,Z) be
the symplectic representation induced by the action of Mod(Sg) on H1(Sg,Z), and
let Ψk denote the composition of the map Ψ with the modulo k reduction map
Sp(2g,Z) → Sp(2g,Zk). Since Mod(Sg) acts transitively on the nonseparating
simple closed curves in Sg, it acts transitively on the primitive vectors in both
H1(Sg,Z) and H1(Sg,Zk). In Section 2, we apply basic covering space theory to
obtain a complete characterization of LModpk(Sg) in terms of its image under both
Ψ and Ψk.
Theorem 1. Given an f ∈ Mod(Sg), the following statements are equivalent.
(i) f ∈ LModpk(Sg).
(ii) f ∈ StabMod(Sg)({`e1 : ` ∈ Z×k }), where e1 ∈ H1(Sg,Zk).
(iii) Ψ(f) = (dij)2g×2g, where k|d2i, for 1 ≤ i ≤ 2g and i 6= 2, and d22 ∈ Z×k .
LIFTABLE MAPPING CLASS GROUPS OF REGULAR CYCLIC COVERS 3
We obtain the following corollary as an immediate application of Theorem 1 .
Corollary 2. For g ≥ 1 and k ≥ 2, we have
LModpk(Sg) ∩ LModp`(Sg) = LModpd(Sg),
where d = lcm(k, `).
In Section 3, we derive several other applications of Theorem 1. It is classically
known [24] that there exists a normal series of congruence subgroups in SL(2,Z)
given by
(†) 1C Γ(k)C Γ1(k)C Γ0(k), where
Γ(k) =
{[
a b
c d
]
∈ SL(2,Z) : a, d ≡ 1 (mod k), b, c ≡ 0 (mod k)
}
,
Γ1(k) =
{[
a b
c d
]
∈ SL(2,Z) : a, d ≡ 1 (mod k), c ≡ 0 (mod k)
}
,
Γ0(k) =
{[
a b
c d
]
∈ SL(2,Z) : c ≡ 0 (mod k)
}
,
and Γ1(k)/Γ0(k) ∼= Z×k . Since ker(Ψk) = Mod(Sg)[k], the level-k subgroup of
Mod(Sg), it is apparent that Mod(S1)[k] = Γ(k). We define Modpk(Sg, e1) :=
StabMod(Sg)(e1), where e1 ∈ H1(Sg,Zk), and show that there exists a natural epi-
morphism Ψ(LModpk(Sg)) → Z×k whose kernel is Ψ(StabMod(Sg)(e1)). This yields
an analog of the normal series (†) in Sp(2g,Z), for g ≥ 2 given by
(∗) 1CΨ(Mod(Sg)[k])CΨ(Modpk(Sg, e1))CΨ(LModpk(Sg)).
(It is worth mentioning here that in the theory of modular forms, the component
groups of (∗) are also known as paramodular groups [1, 13, 23].) This series pulls
back (as a consequence of Theorem 1) via Ψ to yield a generalization of (†) to a
normal series of subgroups in Mod(Sg), for g ≥ 2. So, denoting a left-handed Dehn
twist about a simple closed curve c in Sg by Tc, we have the following.
Theorem 3. For g ≥ 1 and k ≥ 2, there exists a normal series of LModpk(Sg)
given by
1CMod(Sg)[k]CModpk(Sg, e1)C LModpk(Sg), where
LModpk(Sg)/Modpk(Sg, e1)
∼= Z×k and
[Mod(Sg) : Modpk(Sg, e1)] = |{Primitive vectors in Z2gk }|.
Moreover, the distinct cosets of LModpk(Sg)/Modpk(Sg, e1) are represented by the
elements in S′′k := {T `a1T−1b1 T `
−1
a1 : ` ∈ Z×k }, where ``−1 ≡ 1 (mod k), for each
` ∈ Z×k .
Let ι ∈ Mod(Sg) denote the hyperelliptic involution, and let φ denote the Euler
totient function. By using Theorem 1 and the fact that Ψk(ι) commutes with every
element of Sp(2g,Zk), we obtain the following extension of the normal series in
Theorem 3.
Corollary 4. For g ≥ 1 and k ≥ 3, there exists a normal series of LModpk(Sg)
given by
1CMod(Sg)[k]CModpk(Sg, e1)C 〈〈Modpk(Sg, e1), ι〉〉C LModpk(Sg), where
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〈〈Modpk(Sg, e1), ι〉〉 denotes the normal closure of 〈Modpk(Sg, e1), ι〉 in Mod(Sg),
〈〈Modpk(Sg, e1), ι〉〉/Modpk(Sg, e1) ∼= Z2 and
[LModpk(Sg) : 〈〈Modpk(Sg, e1), ι〉〉] = φ(k)/2.
As Corollary 4 implies that LModpk(Sg)
∼= 〈〈Modpk(Sg, e1), ι〉〉 if and only if φ(k) =
2, we have the following.
Corollary 5. 〈〈Modpk(Sg, e1), ι〉〉 = LModpk(Sg) if and only if k ∈ {3, 4, 6}.
Let Bn denote the braid group on n strands, and let S
1
1 (resp. S1,1) denote the
surface S1 with one boundary component (resp. one marked point). By taking
the preimage of the component groups of the normal series in (†) under the cap
epimorphism Mod(S11)(
∼= B3) cap−−→ Mod(S1,1)(∼= SL(2,Z)), we obtain an analog of
this series in B3, whose component groups have quotients that are isomorphic to
the corresponding quotients in the series (†).
Let Lg = {Ta1 , Tb1 , . . . , Tag , Tbg , Tc1 , . . . , Tcg−1}, be the Lickorish generating set [16]
for Mod(Sg) (where the curves are as indicated in Figure 1). Let Sg,k be a finite
set of words in Lg generating Mod(Sg)[k]. As finite generating sets for the con-
gruence subgroups Γ(k), Γ1(k), and Γ0(k) are well understood (see [6, Lemma
12] and [26, Proposition 1.17]), let S′k be a finite set of words in the letters L1
generating Modpk(S1, e1) = Γ1(k) in Mod(S1) (as detailed in [26]), consider the
corresponding set S˜k of words (in L1) in B3 of representatives of the distinct cosets
of cap−1(Γ1(k))/ ker(cap). For g ≥ 2, let i : S11 ↪→ Sg be an inclusion such that
pi1(i(S
1
1)) = 〈a1, b1〉, and let iˆ : Mod(S11)→ Mod(Sg) be the inclusion induced by i.
By applying the symplectic criterion in Theorem 1 and by exploiting the structure
of matrices in Sp(2g,Zk), we derive the following generating set for Modpk(Sg, e1).
Theorem 6. For g, k ≥ 2,
Modpk(Sg, e1) = 〈ˆi(S˜k) ∪ Sg,k ∪ {Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉.
By applying Theorems 3 and 6, we obtain generating sets for LModpk(Sg), and
hence UMod(Sg) :=
⋂
k≥2
LModpk(Sg).
Corollary 7. For g, k ≥ 2, we have
(i) LModpk(Sg) = 〈S′′k ∪ iˆ(S˜k) ∪ Sk ∪ {Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉,
and
(ii) UMod(Sg) = 〈S(g) ∪ {Ta1 , Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉, where
I(Sg) = 〈S(g)〉.
Thus, by a result due to Johnson [14], we can now infer (from Corollary 7 (ii)) that
UMod(Sg) is indeed finitely generated for g ≥ 3.
In the penultimate subsection of Section 3, we derive conditions for the existence
of conjugates of certain finite-order mapping class and roots of Dehn twists in
Modpk(Sg, e1), by examining their reduction systems. In particular, we show that:
Proposition 8. For g ≥ 2, if f ∈ Mod(Sg) is either a finite-order mapping class
whose corresponding orbifold has genus strictly greater then zero, or a nontrivial
root of a Dehn twist about a nonseparating curve in Sg, then f has a conjugate in
Modpk(Sg, e1).
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Further, we show that there exist no irreducible finite-order mapping class in
Modpk(Sg, e1). We also derive conditions for the existence in Modpk(Sg, e1), of a
conjugate of root of a Dehn twist about a separating curve (see Proposition 3.12).
In the final subsection, we derive equivalent conditions for the liftability (under pk)
of a certain class of Penner-type [21] pseudo-Anosovs in Mod(Sg). More specifically,
we show the following.
Proposition 9. For g ≥ 2, let f ∈ Mod(Sg) be a Penner-type pseudo-Anosov
mapping class of the form
f :=
g−1∏
i=1
T−pici
g∏
j=1
(
T−kjaj T
`j
bj
)
.
Then f ∈ LModpk(Sg) if and only if k | `1.
2. Symplectic criteria for liftability
In this section, we will derive an explicit description of the structure of an ar-
bitrary matrix in Ψ(LModpk(Sg)). We will follow the notation introduced in Sec-
tion 1, and also assume from here on that e1 ∈ H1(Sg,Zk) (unless mentioned
otherwise). The key ingredient in the derivation of our symplectic criterion is the
following result from the theory of group actions on surfaces [12, 17].
Theorem 2.1. For ` ≥ 1, a finite group G acts on a surface S` if and only if there
exists a short exact sequence
1→ pi1(S`) α−→ piorb1 (S`/G) ϕ−→ G→ 1,
where piorb1 (S`/G) is the orbifold fundamental group of S`/G and ϕ is an order-
preserving epimorphism. In particular, for the cover pk : Sgk → Sg, we have the
short exact sequence:
1→ pi1(Sgk)
(pk)∗−−−→ pi1(Sg) ϕ−→ Zk → 1.
2.1. Criteria for LModpk(Sg). Let f ∈ Mod(Sg). Using the fact that our covering
action is cyclic, we obtain a homological criterion for the liftability of f under pk
which, in turn, yields an equivalent symplectic criterion for f to be contained in
LModpk(Sg).
Theorem 2.2. Given an f ∈ Mod(Sg), the following statements are equivalent.
(i) f ∈ LModpk(Sg).
(ii) Ψ(f) = (dij)2g×2g, where k|d2i, for 1 ≤ i ≤ 2g and i 6= 2, and d22 ∈ Z×k .
(iii) Ψk(f) = (eij)2g×2g, where e2i = 0, for 1 ≤ i ≤ 2g and i 6= 2, and e22 ∈ Z×k .
(iv) f ∈ StabMod(Sg)({`e1 : ` ∈ Z×k }).
Proof. Let ϕ : pi1(Sg) → Zk be a surjection such that ker(ϕ) = (pk)∗(pi1(Sgk).
First, we show that (i) ⇐⇒ (ii). Consider an epimorphism ϕ : pi1(Sg) → Zk such
that ker (ϕ) = (pk)∗(pi1(Sgk)). By Theorem 2.1 and basic covering space theory, it
follows that an f ∈ LMod(Sg) if and only if f is represented by an F ∈ Homeo+(Sg)
such that F∗ preserves the conjugacy class of (pk)∗(pi1(Sgk)) = ker(ϕ). Since Zk is
abelian, this is equivalent to the condition that F#(ker ϕ¯) ⊆ ker(ϕ¯), where ϕ¯ is the
induced map on the abelianization H1(Sg,Z) of pi1(Sg). Finally, from the definition
of (pk)# (in Equation (1.0.1) in the preceding discussion), it is now clear that
ker(ϕ¯) = 〈e1, ke2, . . . , e2g−1, e2g〉,
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which proves our assertion.
The assertion (ii) ⇐⇒ (iii) is apparent. We now show that (i) ⇐⇒ (iv)
to complete the argument. We consider the following series of correspondences
between the finite sets:
Ck = {Regular k-sheeted covers of p : Sgk → Sg whose deck transformation group is Zk}
l
{Endomorphisms (p)∗ : pi1(Sgk) ↪→ pi1(Sg) such that pi1(Sg)/(pk)∗(pi1(Sgk)) ∼= Zk}
l
{{Epimorphisms ϕ : pi1(Sg)→ Zk : p∗(pi1(Sg)) = ker(ϕ)} : p ∈ Ck}
l
{{Epimorphisms ϕ¯ : H1(Sg)→ Zk : p∗(H1(Sg)) = ker(ϕ¯)} : p ∈ Ck}
l
{{`v : ` ∈ Z×k } : v ∈ H1(Sg,Zk) is primitive}
Since Mod(Sg) acts transitively on primitive vectors in H1(Sg,Zk), it follows that it
acts transitively on the covers in Ck. Hence, for our cover pk (which induces (pk)#
as described in Equation 1.0.1), we have
LModpk(Sg) = StabMod(Sg)(pk) = StabMod(Sg)({`e1 : ` ∈ Z×k }),
and our assertion follows. 
We recall the notation from Section 1 that for k ≥ 2, Mod(Sg)[k] = ker(Ψk), the
level-k subgroup of Mod(Sg). We have the following immediate consequence of
Theorem 2.2.
Corollary 2.3. For g ≥ 1 and k ≥ 2, we have Mod(Sg)[k]C LModpk(Sg).
The next corollary follows immediately from Theorem 2.2 (ii).
Corollary 2.4. For g ≥ 1 and k, ` ≥ 2, we have
LModpk(Sg) ∩ LModp`(Sg) = LModpd(Sg),
where d = lcm(k, `).
Let UMod(Sg) :=
⋂
k≥2
LModpk(Sg). Since Corollary 2.3 asserts that I(Sg)CMod(Sg)[k],
for each k ≥ 2, it follows that the Torelli group I(Sg) ⊂ UMod(Sg), for g ≥ 1, and
hence UMod(Sg) 6= ∅. This leads us to another direct consequence of Theorem 2.2.
Corollary 2.5. Let f ∈ Mod(Sg), and let Ψ(f) = (dij)2g×2g. Then, f ∈ UMod(Sg)
if and only if d2i = 0, for 1 ≤ i ≤ 2g and i 6= 2.
It is not hard to see that
UMod(Sg) =
⋂
k≥2
Modpk(Sg, e1) = StabMod(Sg)(e1),
where the e1 in the last term refers to the vector e1 ∈ H1(Sg,Z). Let φ denote the
Euler totient function. The arguments in the proof of Theorem 2.2 together with
Corollary 2.3 yield the following.
Corollary 2.6. Let Ig = Ψ(LModpk(Sg)) and Ig,k = Ψk(LModpk(Sg)). Then
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(i) [Mod(Sg) : LModpk(Sg)] = [Sp(2g,Z) : Ig] = [Sp(2g,Zk) : Ig,k] and
(ii) [Mod(Sg) : LModpk(Sg)] =
|{Primitive elements in Z2gk }|
φ(k)
. In particular,
when k is prime,
[Mod(Sg) : LModpk(Sg)] =
k2g − 1
k − 1 .
2.2. Criterion for Modpk(Sg, e1). Recalling from Section 1 that Modpk(Sg, e1) =
StabMod(Sg)(e1), we have the following.
Theorem 2.7. Given an f ∈ Mod(Sg), the following statements are equivalent.
(i) f ∈ Modpk(Sg, e1).
(ii) If Ψ(f) = (dij)2g×2g, then k|di1 and k|d2j, for 1 ≤ i ≤ 2g when i 6= 1 and
j 6= 2, and d11, d22 ≡ 1 (mod k).
(iii) If Ψk(f) = (eij)2g×2g, then e11 = e22 = 1 and ei1 = e2j = 0 for i 6= 1 and
j 6= 2.
Proof. SinceD(e1) = e1 forD = (dij)2g×2g ∈ Sp(2g,Z), it follows that [ d11 d21 . . . d(2g)1 ]T =
[ 1 0 . . . 0]T (mod k). Moreover, D preserves the bilinear form
J =

J1 O2 . . . O2
O2 J1 . . . O2
...
...
...
O2 O2 . . . J1
 ,
where J1 =
[
0 1
−1 0
]
and O2 is the 2× 2 zero matrix. Thus, D further reduces to
the form
D =

1 d12 d13 . . . d1(2g)
0 d22 0 . . . 0
...
...
...
...
0 d(2g)2 d(2g)3 . . . d(2g)(2g)
 ,
where d22 ≡ 1 (mod k). This shows (i) ⇐⇒ (ii). The equivalence (ii) ⇐⇒ (iii)
follows immediately. 
We will use the following fact from basic group theory in the proof of the next
corollary.
Lemma 2.8. If ψ : G → H is a group epimorphism and N < G such that N =
ψ−1(ψ(N)), then N CG ⇐⇒ ψ(N)CH.
Corollary 2.9. For g ≥ 1 and k ≥ 2, we have
(i) Mod(Sg)[k]CModpk(Sg, e1)C LModpk(Sg), and
(ii) LModpk(Sg)/Modpk(Sg, e1)
∼= Z×k . Consequently,
[LModpk(Sg) : Modpk(Sg, e1)] = φ(k).
Proof. From Theorem 2.7, it follows directly that Mod(Sg)[k]CModpk(Sg, e1), for
k ≥ 2. Further, by definition of LModpk(Sg), it is clear that Modpk(Sg, e1) <
LModpk(Sg). So it remains to show that Modpk(Sg, e1) is normal in LModpk(Sg).
By Lemma 2.8, this is equivalent to showing that Ψk(Modpk(Sg, e1))CΨk(LModpk(Sg)).
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Given an f ∈ LModpk(Sg), we showed in Theorem 2.2, that Ψk(f) = E =
(eij)2g×2g, where e2i = 0, for 1 ≤ i ≤ 2g and i 6= 2, and e22 ∈ Z×k . As E preserves
the symplectic form J (in the proof of Theorem 2.7), it further simplifies to a matrix
of the form
E =

e11 e12 e13 . . . e14
0 e22 0 . . . 0
...
...
...
...
0 e(2g)2 e(2g)3 . . . e(2g)(2g)
 ,
where e22 ∈ Z×k . Considering the epimorphism α : Ψk(LModpk(Sg)) → Zk :
e22 7→ 1, we see that ker(α) = Ψk(Modpk(Sg, e1)). Therefore, the normality of
Modpk(Sg, e1) and (ii) will now follow from Theorem 2.7. 
3. Applications
In this section, we will derive several applications of Theorem 2.2.
3.1. Normal series’ of subgroups of Mod(Sg) and B3. Putting together the
results in Corollaries 2.6 and 2.9, we obtain the following generalization of classical
normal series (†) of congruence subgroups in SL(2,Z).
Theorem 3.1. For g ≥ 1 and k ≥ 2, there exists a normal series of LModpk(Sg)
given by
1CMod(Sg)[k]CModpk(Sg, e1)C LModpk(Sg), where
LModpk(Sg)/Modpk(Sg, e1)
∼= Z×k and
[Mod(Sg) : Modpk(Sg, e1)] = |{Primitive vectors in Z2gk }|.
Let S1,1 denote S1 with one marked point and let S
1
1 denote S1 with one boundary
component. Let Bn denote the braid group on n strands. Since Mod(S1,1) ∼=
Mod(S1) and Mod(S
1
1)
∼= B3, the natural capping map S11 → S1,1 induces an
epimorphism cap : Mod(S1,1)→ Mod(S1), which yields an exact sequence:
1→ 〈Ts〉 → B3 cap−−→ Mod(S1)→ 1,
where s represents the isotopy class of ∂S11 . Pulling back the classical normal series
(†) (i.e the normal series in Theorem 3.1 for g = 1) under the cap homomorphism,
we obtain an analogous normal series of subgroups in B3.
Corollary 3.2. For k ≥ 2, there exists a normal series of cap−1(Γ0(k)) in B3
given by
1C cap−1(Γ(k))C cap−1(Γ1(k))C cap−1(Γ0(k)), where
cap−1(Γ0(k))/cap−1(Γ1(k)) ∼= Z×k and
[B3 : cap
−1(Γ1(k))] = |{Primitive vectors in Z2k}|.
In the theory of modular forms, finite generating sets for the congruence sub-
groups Γ(k), Γ1(k), and Γ0(k) are well understood (see [6, Lemma 12] for an explicit
generating set for Γ0(k) and [26, Proposition 1.17] for a computational approach
for deriving generators for any congruence subgroup). Since B3/〈Ts〉 ∼= Mod(S1),
by including Ts into these generating sets, we can obtain finite generating sets for
all the component groups appearing in the normal series in Corollary 3.2.
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It follows from Theorem 2.7 and Corollary 2.9 that the epimorphism Ψk induces
an isomorphism
Ψ¯k : LModpk(Sg)/Modpk(Sg, e1)→ Ψk(LModpk(Sg))/Ψk(Modpk(Sg, e1)),
where the quotient groups on either side are isomorphic to Z×k . It is apparent that
for each ` ∈ Z×k the matrix Q` = ((q`)ij)n×n ∈ Sp(2g,Zk), where
(q`)ij =

`, if i = j = 1,
`−1, if i = 1 and j = 2,
1, if i = j > 2, and
0, otherwise.
represents a coset of Ψk(LModpk(Sg))/Ψk(Modpk(Sg, e1)). Moreover, each coset
represented by a Q` pulls back under Ψ¯k to a coset represented by ϕ` = T
`
a1T
−1
b1
T `
−1
a1
in LModpk(Sg)/Modpk(Sg, e1), where ``
−1 ≡ 1 (mod k). Thus, we have the follow-
ing corollary.
Corollary 3.3. For g ≥ 1 and k ≥ 2, the distinct cosets of LModpk(Sg)/Modpk(Sg, e1)
are represented by the elements in
S′′k := {ϕ` : ` ∈ Z×k }.
For g ≥ 1, let ι ∈ Mod(Sg) denote the hyperelliptic involution, and let I2g ∈
Sp(2g,Zk) be the identity matrix. Since Ψk(ι) = −I2g, it follows from Theorem 2.7
that ι ∈ Modpk(Sg, e1) if and only if k = 2. Moreover, for k = 2, it is apparent
from Theorem 3.1 that LModpk(Sg) = Modpk(Sg, e1). Thus, as Ψk(ι) commutes
with every element of Sp(2g,Zk), we obtain the following extension of the normal
series in Theorem 3.1.
Corollary 3.4. For g ≥ 1 and k ≥ 3, there exists a normal series of LModpk(Sg)
given by
1CMod(Sg)[k]CModpk(Sg, e1)C 〈〈Modpk(Sg, e1), ι〉〉C LModpk(Sg), where
〈〈Modpk(Sg, e1), ι〉〉 denotes the normal closure of 〈Modpk(Sg, e1), ι〉 in Mod(Sg),
〈〈Modpk(Sg, e1), ι〉〉/Modpk(Sg, e1) ∼= Z2 and
[LModpk(Sg) : 〈〈Modpk(Sg, e1), ι〉〉] = φ(k)/2.
From Corollary 3.4, it follows that LModpk(Sg)
∼= 〈〈Modpk(Sg, e1), ι〉〉 if and only
if φ(k) = 2. Hence, we have the following.
Corollary 3.5. 〈〈Modpk(Sg, e1), ι〉〉 = LModpk(Sg) if and only if k ∈ {3, 4, 6}.
3.2. Generating Modpk(Sg, e1) and LModpk(Sg). Let Tc denote the left-handed
Dehn twist about a simple closed curve c in Sg. The Lickorish generating set for
Mod(Sg) is given by the set of Dehn twists
Lg = {Ta1 , Tb1 , . . . , Tag , Tbg , Tc1 , . . . , Tcg−1},
where the curves ai, bi, for 1 ≤ i ≤ g, and cj , for 1 ≤ j ≤ g − 1 are as indicated in
Figure 1 in Section 1. Since [Mod(Sg) : Mod(Sg)[k]] <∞ for k ≥ 2, Mod(Sg)[k] is
clearly finitely generated. However, explicit generating sets for Mod(Sg)[k] are not
known, except when k = 2 (see [8] and references therein). So, for our purposes,
we shall simply assume the existence of a finite set Sg,k of words in Lg generating
Mod(Sg)[k]. Let i : S
1
1 ↪→ Sg be an inclusion such that pi1(i(S11)) = 〈a1, b1〉. Then
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i induces an inclusion iˆ : Mod(S11)(
∼= B3) ↪→ Sg, for g ≥ 2. Let cap : B3 =
〈Ta1 , Tb1〉 → Mod(S1) = 〈Ta′1 , Tb′1〉 be the epimorphism (described in Corollary 3.2)
which maps the twists Ta1 and Tb1 to the twists Ta′1 and Tb′1 , respectively. Let
S′k = {w1(Ta′1 , Tb′1), . . . , wnk(Ta′1 , Tb′1)} be a finite set of words in the letters Ta′1 , Tb′1
generating Modpk(S1, e1) = Γ1(k) in Mod(S1) (as detailed in [26]). We consider the
corresponding set S˜k = {w1(Ta1 , Tb1), . . . , wnk(Ta1 , Tb1)} ⊂ B3 of representatives of
the distinct cosets of cap−1(Γ1(k))/ ker(cap). With this notation in place, we have
the following.
Theorem 3.6. For g, k ≥ 2,
Modpk(Sg, e1) = 〈ˆi(S˜k) ∪ Sg,k ∪ {Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉.
Proof. For simplicity, we will only consider the case when g = 2, as our arguments
easily generalize for any arbitrary g ≥ 3. We consider the canonical embedding
ηk : SL(2,Zk)→ Sp(4,Zk) defined by
A
ηk7−→
[
A O2
O2 I2
]
,
where O2 is the 2 × 2 zero block and I2 is the 2 × 2 identity block. To prove our
assertion, if suffices to show that
ψk(LModpk(Sg)) = 〈ηk(Modpk(Sg, e1)) ∪ {Ψk(Tc1),Ψk(Ta2),Ψk(Tb2)}〉,
where
Ψk(Tc1) =

1 1 0 −1
0 1 0 0
0 −1 1 1
0 0 0 1
 ,Ψk(Ta2) =

1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1
 , and Ψk(Tb2) =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 −1 1
 .
From Theorem 2.7, we know that an arbitrary matrix E ∈ Ψk(Modpk(Sg, e1)) has
the form
A =

1 e12 e13 e14
0 1 0 0
0 e32 e33 e34
0 e42 e43 e44
 ,
where e33e44 − e34e43 ≡ 1 (mod k). We now consider the matrices
M2 =

1 −a12 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 and M1 =

1 0 0 0
0 1 0 0
0 0 e44 −e34
0 0 −e43 e33

in Sp(4,Zk). A direct computation reveals that
A ·M1 ·M2 =

1 0 α β
0 1 0 0
0 β 1 0
0 −α 0 1
 ,
where α = e14e43 − e13e44 and β = e14e33 − e13e34. Furthermore, by considering
M3 = Ψk(T
β
c1) ·Ψk(T−βa2 ) =

1 β 0 −β
0 1 0 0
0 −β 1 0
0 0 0 1
 ,
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we see that
M ·M1 ·M2 ·M3 =

1 β − αβ α 0
0 1 0 0
0 0 1 0
0 −α 0 1
 .
Finally, taking
M4 = (Ψk(Ta2) ·Ψk(Tb2) ·Ψk(Ta2)) ·Ψk(T−αc1 ) ·Ψk(Tαa2) · (Ψk(Ta2) ·Ψk(Tb2) ·Ψk(Ta2))−1
=

1 −α −α 0
0 1 0 0
0 0 1 0
0 α 0 1
 ,
we get
M ·M1 ·M2 ·M3 ·M4 =

1 β − α− αβ 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈ ηk(Modpk(Sg, e1)),
thereby proving our assertion. 
Theorem 3.6 together with Corollary 3.3 yields the following.
Corollary 3.7. For g, k ≥ 2,
LModpk(Sg) = 〈S′′k ∪ iˆ(S˜k) ∪ Sk ∪ {Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉.
By applying Corollary 3.7 and using arguments similar to the ones used in the proof
of Theorem 3.6, we obtain the following.
Corollary 3.8. For g ≥ 1 and k ≥ 2,
UMod(Sg) = 〈S(g) ∪ {Ta1 , Ta2 , . . . , Tag , Tb2 , . . . , Tbg , Tc1 , . . . , Tcg−1}〉,
where I(Sg) = 〈S(g)〉.
In particular, Corollary 3.8 implies that UMod(Sg) is finitely generated for g ≥ 3,
as I(Sg) is known [14] to be finitely generated for g ≥ 3.
3.3. Finite order and reducible maps in Modpk(Sg, e1). By the Nielsen real-
ization theorem [15, 20], we know that an f ∈ Mod(Sg) of finite order is represented
by a g ∈ Homeo+(Sg) of the same order. Hence, we can associate a corresponding
orbifold Of := Sg/〈g〉 to f , whose genus we denote by g(Of ).
Proposition 3.9. Consider an f ∈ Mod(Sg) of finite order such that g(Of ) > 0.
Then f has a conjugate in Modpk(Sg, e1).
Proof. Consider an f ∈ Mod(Sg) of order n such that g(Of ) > 0. Then there
exists a nonseparating curve c ∈ Of , whose preimage under the branched covering
Sg → Of is a reduction system C = {c1, . . . , cn} for f comprising nonseparating
curves that are cyclically permuted by f . Thus, f stabilizes the primitive homology
vector v = c1 + . . . + ck ∈ H1(Sg,Zk). Since Mod(Sg) acts transitively on the
primitive vectors of H1(Sg,Zk), there exists a ψ ∈ Mod(Sg) such that ψ(v) = e1.
Thus, it follows that f has a conjugate g := ψfψ−1 ∈ Modpk(Sg, e1), as desired. 
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A variant of this result was proved in [5], where it was also shown that any map
as described in Proposition 3.9 lifts to a map in Mod(Sgk) that commutes with the
generator of the deck transformation group of our cover p : Sgk → Sg.
It is well known [11] that a finite order mapping class is irreducible if and only
if Of is a sphere with three cone points.
Proposition 3.10. For g, k ≥ 2, let f ∈ Mod(Sg) be an irreducible mapping class
of finite order. Then f /∈ Modpk(Sg, e1).
Proof. Let us assume on the contrary that f ∈ Modpk(Sg, e1). We consider an
arbitrary representative w ∈ H1(Sg,Z) of e1 ∈ H1(Sg,Zk) and its 〈f〉-orbit O =
{w, f(w), . . . , fk(w)−1(w)}, where k(w) | |f |. Then f preserves the vector VO =∑k(w)−1
i=0 f
i(w) ∈ H1(Sg,Z). As the 〈f〉-action on set of representative vectors in
e1 partitions it into infinitely many disjoint orbits, it must preserve infinitely many
distinct vectors of the form VO. Thus, we conclude that f ∈ I(Sg). This contradicts
our assumption, as I(Sg) is torsion-free for g ≥ 1 (see [7, Theorem 6.12]). 
Remark 3.11. Let c be a simple closed curve in Sg, for g ≥ 2. It is well known [18,
22] that a root f of Tc of degree n preserves c and induces an order n map fˆ on
the Ŝg(c) obtained by capping off the boundary components of Sg \ c. When c is
a nonseparating curve, Ŝg(c) ≈ Sg−1, and fˆ ∈ Mod(Sg−1). However, when c is
separating, Ŝg(c) ≈ Sg1 unionsq Sg2 , where Sg = Sg1#cSg2 , fˆi := fˆ |Sgi ∈ Mod(Sgi) for
i = 1, 2, and lcm(|fˆ1|, |fˆ2|) = n.
We now have the following assertion.
Proposition 3.12. Let f ∈ Mod(Sg) be a root of a Tc of degree n.
(i) If c is nonseparating, then f has a conjugate in Modpk(Sg, e1).
(ii) If c is separating and g(Ofˆi) > 0 for at least one i ∈ {1, 2}, then f has a
conjugate in Modpk(Sg, e1).
Proof. By Remark 3.11, we have that f(c) = c, and so f ∈ Mod(Sg, c), where we
view c as a primitive vector in H1(Sg,Zk). Now consider a ψ ∈ Mod(Sg) such that
ψ(c) = a1. Then a fundamental property of Dehn twists would imply that
ψTcψ
−1 = Tψ(c) = Ta1 .
Since fn = Tc, we have
(ψfψ−1)n = ψfnψ−1 = ψTcψ−1 = Ta1 .
Thus, ψfψ−1 is a root of Ta1 , and so we have (ψfψ
−1)(a1) = a1, from which (i)
follows.
The assertion in (ii) follows directly from Remark 3.11 and Proposition 3.9. 
3.4. A class of liftable Penner-type pseudo-Anosovs. Generalizing a result
of Thurston, Penner [21] gave the following recipe for constructing pseudo-Anosovs
in Mod(Sg).
Theorem 3.13. Let C = {α1, . . . , αn} and D = {αn+1, . . . , αn+m} be multicurves
in Sg that together fill Sg.
(i) Then any product of positive powers of the Tαi , for i = 1, . . . , n and negative
powers of the Tαn+j , for j = 1, . . . ,m, where each αi and each αn+j appears
at least once, is pseudo-Anosov.
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(ii) To each Tαk , associate a matrix Bk = I+AkΣ, where I is the identity matrix
of order n+m, Ak is the (n+m)× (n+m) matrix all of whose entries are
zero, except for the (kk)th entry, which is 1, and Σ is the incidence matrix of
the imbedded graph C ∪ D. For a pseudo-Anosov f = Tαi1 . . . Tαis as in (i),
λ(f) is the largest eigenvalue of the Perron matrix
Mf := Bi1 . . . Bis .
For g ≥ 1, we consider maps in Mod(Sg) of the following form.
Definition 3.14. Given an integer g ≥ 2, consider a tuple of positive integers of
the form
T = ((p1, . . . , pg−1), ((k1, `1), . . . , (kg, `g)),
which we call an admissible tuple T of genus g. Then given an admissible T of
genus g, we define hT ∈ Mod(Sg) by
hT :=
g−1∏
i=1
T−pici
g∏
j=1
(
T−kjaj T
`j
bj
)
.
In the following lemma, we derive some basic properties of the map hT .
Lemma 3.15. Consider a map hT as in Definition 3.14. Then:
(i) hT is a pseudo-Anosov map, and
(ii) Mod(Sg) is generated by 3g elements in S = {hT : T is an admissible tuple of genus g}.
Proof. Consider the multicurves C = {c1, · · · , cg−1, a1, a2, · · · , ag} andD = {b1, b2, · · · , bg}
in Sg. Since the collection C ∪ D fills Sg, (i) follows directly from Theorem 3.13.
To show (ii), we first relabel the curves in C ∪ D as
(c1, · · · , cg−1, a1, · · · , ag, b1, . . . , bg) = (α1, . . . α3g−1),
and write hT =
3g−1∑
i=1
tδi(T )αi . Then tα1 = h
−1
Tα1
hT1 , where
T1 = ((1, . . . , 1), ((1, 1), . . . , (1, 1)) and Tα1 = (2, 1, . . . , 1), ((1, 1), . . . , (1, 1)).
Proceeding inductively, we see that for k > 1
T δkαk =
(
k−1∏
i=1
T δiαi
)−1
h−1Tαk
(
k−1∏
i=1
tαi
)
hT1 ,
where δi = δi(T1) and Tαk is the admissible tuple obtained by replacing the kth
appearance of 1 in T1 with 2. Since the set of 3g − 1 Dehn twists {tα : α ∈ C ∪ D}
generate Mod(Sg), it follows that the 3g maps {hTαk : 1 ≤ k ≤ 3g − 1} ∪ {T1}
generate Mod(Sg). 
Remark 3.16. Let P (A) denote the characteristic polynomial of a square matrix
A. A direct computation reveals that P (Ψ(hT )) = (x − 1)P (MhT ), where MhT is
the Perron matrix of hT (as in Theorem 3.13). Hence, the homological dilatation
of hT equals its stretch factor. Consequently, by a result of Silver [25], it follows
that hT induces orientable foliations on Sg.
Using our symplectic criterion for liftability (Theorem 2.2), we will now derive a
necessary and sufficient condition under which a pseudo-Anosov map of type hT
would lie in LModpk(Sg).
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Proposition 3.17. For g ≥ 2, let hT ∈ Mod(Sg) be a pseudo-Anosov mapping
class as in Definition 3.14. Then hT ∈ LModpk(Sg) if and only if k | `1.
Proof. Suppose that k | `1. Then by Corollary 3.7, hT ∈ LModpk(Sg). Let Om and
Im, respectively, denote the m×m zero matrix and the m×m identity matrix. For
showing the converse, we first note that for 1 ≤ i ≤ g, the matrices Ψ(T−1ai ) and
Ψ(Tbi) in Sp(2g,Z), respectively, have the following g × g block matrix structure
(comprising 2× 2 blocks):
Ψ(Tai) =

I2 O2 · · · · · · · · · O2
. . .
O2 O2 · · · A · · · O2
. . .
O2 O2 · · · · · · · · · I2
 and Ψ(T−1bi ) =

I2 O2 · · · · · · · · · O2
. . .
O2 O2 · · · B · · · O2
. . .
O2 O2 · · · · · · · · · I2
 ,
where the A =
[
1 1
0 1
]
, and B =
[
1 0
1 1
]
are (ii)th blocks of the corresponding
matrices. Thus, we have
Ψ(T−kjai T
`j
bi
) =

I2 O2 · · · · · · · · · O2
. . .
O2 O2 · · · Xkj ,`j · · · O2
. . .
O2 O2 · · · · · · · · · I2
 ,
where the (ii)th block Xkj ,`j =
[
1 + kj`j kj
`j 1
]
. Moreover, Ψ(T−1ci ), for 1 ≤ i ≤
g − 1, is the block matrix
Ψ(T−1ci ) =

I2 O2 · · · · · · · · · · · · O2
. . .
O2 O2 · · · P R · · · O2
O2 O2 · · · R P · · · O2
. . .
O2 O2 · · · · · · · · · · · · I2

,
whose (ii)th and ((i + 1)(i + 1))th blocks are P =
[
1 1
0 1
]
, and whose (i(i + 1))th
and ((i+ 1)i)th i× i blocks are R =
[
0 −1
0 0
]
. Consequently, we have Ψ(T pici ) is the
block matrix
Ψ(T pici ) =

I2 O2 · · · · · · · · · · · · O2
. . .
O2 O2 · · · Ppi Rpi · · · O2
O2 O2 · · · Rpi Ppi · · · O2
. . .
O2 O2 · · · · · · · · · · · · I2

,
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whose (ii)th and ((i+ 1)(i+ 1))th blocks are Ppi =
[
1 pi
0 1
]
, and whose (i(i+ 1))th
and ((i+ 1)i)th i× i blocks are Rpi =
[
0 −pi
0 0
]
. Further, we note that P 2pi = P2pi ,
R2pi = O2, PpiRpi = Rpi , and RpiPpi = Rpi . Thus, we see that Ψ(hT ) = (dij)2g×2g,
where d21 = `1. Hence, by Theorem 2.2, it follows k | `1. 
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